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Addition and Double Angle
Formulae

Part 1: Notes and Worked Examples

In the notes

11 ideas. Read each idea and its worked example, then try the Try This question before you
check its answer. The practice questions start on page 18.

O The Addition Formulae

O Exact Values of Other Angles

O Using the Formulae with Given Ratios

O Angles in a Diagram

O The Double Angle Formulae

O Squares and Half Angles

O Simplifying Trigonometric Expressions

O Solving Equations with Double Angles

O Equations with the Addition Formulae, in Radians
O Proving Identities with the Formulae

O Formulas to Remember

Aligned to the latest MOE syllabus thesingaporesyllabus.com
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SECONDARY 4 - ADDITIONAL MATHEMATICS - ADDITION FORMULAE, DOUBLE ANGLE FORMULAE, EQUATION...

Addition and Double Angle Formulae

Theory and worked examples

The Addition Formulae

The addition formulae (also called the compound angle formulae) give the
sine, cosine and tangent of a sum or a difference of two angles A and B in
terms of the ratios of A and B. They hold for all angles, in degrees or in
radians. They are given in the formula list of the O-Level paper, but you must
know how to use them quickly in both directions: to expand, and to recognise
an expansion as a single ratio.

KEY IDEA
Learn the sign patterns: sine keeps the sign, cosine changes the sign, and tangent keeps

it on top and changes it below.

sin(A + B) is NOT sin A + sin B. For example, sin(30° + 60°) = sin 90° = 1, but
sin 30° + sin 60° = %

Read a formula backwards to combine: sin 3x cos x — cos 3x sin x = sin(3x — x) = sin 2x.
In the sine formula the order of the terms is sin cos * cos sin. In the cosine formula it is
COS COS F sin sin.

Formula Sign pattern

sin(A +B) =sin Acos B +cos AsinB same sign as in the bracket
cos(A £ B) =cos Acos B Fsin AsinB opposite sign: cos(A + B) has a minus
tan(A £ B) = _tanAzxtanB_ same sign on top, opposite sign below

l1FtanAtanB
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WORKED EXAMPLE
(a) Expand and simplify sin(f + 60°). (b) Without using a calculator, find the value of

cos 50° cos 10° - sin 50° sin 10°. (c) Write % as a single trigonometric ratio.

1. (a) sin(f + 60°) = sin 0 cos 60° + cos 6 sin 60°
2. :% sin0+§ cos 0
3. (b) The pattern cos cos — sin sin is cos(A + B) with A = 50° and B = 10°.
4. cos 50° cos 10° - sin 50° sin 10° = cos(50° + 10°) = cos 60° = %
5. (c) The pattern is tan(A + B) with A = 4x and B = x, so the expression is tan(4x + x) = tan 5x.
(a) % sin 6 + g cos 6 (b) % (c) tan 5x
TTRYTHIS e
Without using a calculator, find the exact value of sin 100° cos 55° — cos 100° sin 55°.
Answer: sin(100° — 55°) = sin 45° = g

Exact Values of Other Angles

Angles such as 15°, 75° 105° and 165° can be written as a sum or a
difference of the special angles 30°, 45°, 60° (and 90°, 180°). The addition

formulae then give their exact values in surd form. In radians, % =15°,

5T[_ o 7_7'[_ o
2% = 75°and 45 = 105°.

KEY IDEA
Writing sin 45° = g (not %) keeps the denominators rational: sin 45° cos 30° = g x
3 _V6

2 T 4

15° = 45° — 30° or 60° — 45°% 75° = 45° + 30° 105° = 60° + 45° 165° = 120° + 45°,

mo_ L _ T 5n _nt &

17 =3 4and12—4+6_

Use the exact values sin 30° = % cos 30° = g sin 45° = cos 45° = % tan 30° = g

tan 60° = /3.

Give the answer in simplest surd form with a rational denominator, as in the chapter Surds.
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WORKED EXAMPLE
Without using a calculator, find the exact values of (a) sin 75°, (b) tan 15°.

1. (a) sin 75° = sin(45° + 30°) = sin 45° cos 30° + cos 45° sin 30°

_J2 V3 N2 1
2. = T X T + T X 7
3. o8 2 _ B
T4 4 - 4
o _ o oy _ tan 45°-tan 30° _ ﬁ . ﬁ
4. (b) tan 15° =tan(45° - 30°) = T + tan 45° tan 30° =(1- 3 )+ (1+ 3 )
5. Multiply the numerator and the denominator by 3: = g;g
6. = 3-V313-V3) _9-6V3+3 _ 12-6V3
T (3+V3)(3-43) 9-3 6
7.=2-v3
(a) M (b) 2 - V3
TTIRYTHIS
. n
Find the exact value of cos = .
12 Answer:cos(%+%):%><72773><72:\/§;1“/g

____________________________________________________________________________________________________________________________

Using the Formulae with Given Ratios

A common question gives one ratio of A and one ratio of B, with the
quadrant of each angle, and asks for a ratio of A + B or A — B without finding
A and B. First find sin, cos and tan of each angle, as in Secondary 3: draw the
angle in its quadrant, complete the right-angled triangle with Pythagoras'
theorem, and give each ratio its sign by ASTC.

KEY IDEA
Put every negative ratio in brackets when you substitute. Most lost marks here are sign

errors.

Step 1: For each angle, sketch the quadrant and the triangle, and find the missing side.
Step 2: Write down sin, cos and tan of each angle, with signs from ASTC.

Step 3: Substitute into the correct formula, with brackets around negative values.
Step 4: Simplify the fraction. The sign of the answer narrows A + B to two quadrants.

WORKED EXAMPLE
Given that sin A = %, where A is obtuse, and tan B = %, where 180° < B < 270°, find,

without using a calculator, the exact values of (a) cos(A + B), (b) tan(A — B).

1. Ais obtuse, so A is in the 2nd quadrant: draw the triangle with sides 3, 4 and 5.

Chapter 1 | Addition and Double Angle Formulae Page 6
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A
m N

A
x

; _3 __4 __3
2.sin A= 5,cosA— 5,tanA— 7

3. 180°<B < 270° so Bisin the 3rd quadrant and tan B = 12 _ =12 . 4he triangle has sides 5,

5 =5t
12 and 13.
y
A
B
SN L
[
12 13
Q
4.sinB:—%,cosB:—%
5. (a)cos(A+B):cosAcosB—sinAsinB:(—%)(—%) (5)( 13)
20 36 56
6.=%5 *%5 =65
1(mmmA—&:f?§j%%%=—i——ﬂ—u )
8. =(-93):(-28)=52

(a) g2 (b) 25
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Addition and Double Angle Formulae

INSTRUCTIONS

18 questions, 75 marks in total.
Answer all questions in the spaces provided.
Show your working clearly. Marks are given for correct working.

Chapter 1 | Addition and Double Angle Formulae | Practice Page 19
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Section A: Short Questions

1 Express each of the following as a single trigonometric ratio.

(@) sin 52°cos 22° — cos 52°sin 22°

Ans: (1]
(b) 2 sin 40 cos 46

Ans: [1]
(c) cos 3x cos x + sin 3x sin x

Ans: [1]

2  Without using a calculator, find the exact value of cos 75°, in simplest surd form.

Ans: [2]

Chapter 1 | Addition and Double Angle Formulae | Practice Page 20



The Singapore Syllabus | Secondary 4 Additional Mathematics Addition and Double Angle Formulae

3  Without using a calculator, show that tan 105° = -2 — /3.

31

4 Given thattan A = 3, find the exact value of tan(A + 45°).

Ans: [2]

5 Show that sin(x + 30°) + cos(x + 60°) = cos x.

(2]
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Chapter 1: Addition and Double
Angle Formulae (Answer Key)

18 questions, 75 marks. M: method mark, A: answer mark, B: mark for the answer alone.

1.

(a) sin 30° (b) sin 86 (c) cos 2x

(a) sin(52° - 22°) = sin 30° (= 3) [1]
B1 sin 30°

(b) sin 2(460) =sin 86 [1]
B1 sin 86

(c) cos(3x — x) =cos 2x [1]
B1 cos 2x

V6 -2
4

M1 cos(45° + 30°) = cos 45° cos 30° - sin 45° sin 30° = 2 x 3 _ 42 , 1
a1 B2

tan(60° + 45°) = f £l - if ;1;& - Q 44203 _ _5 _ 3 (shown)

ML a0+ 451 - 29802

V3+1
Al 1-v3
A1 rationalise with 1 + v3 to reach =2 — V3

-2
M1 tanA+tan45° 3+1

1-tanAtan45° ~ 1-3
Al -2

LHS = sin x cos 30° + cos x sin 30° + cos x cos 60° — sin x sin 60° = g sin X +

1 1 V3

5 COS X+ 5 COS X — ~5- sin x = cos x = RHS

M1 both expansions correct
A1l exact values substituted and simplified to cos x

V5
3

M1 2 cos? 6 - 1— , S0 cos? 0—

©|o

Al cos 8= % (positive, as 8 is acute)

29, -1 1 1 4,-_1
sin 3x—2 5 cosz(a—z,b— 2)

M1 cos 6x = 1 - 2 sin? 3x

A1a=— b——7
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